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Abstract. Reid asked whether all convex-cocompact subgroups of mapping class groups are
separable. Using a construction of Manning-Mj-Sageev, we give examples of separable convex-
cocompact subgroups that are free of arbitrary finite rank, while prior examples seem to all be
virtually cyclic.

1. Introduction

A subgroup H of a group G is separable (in G) if, for all g R H, there exists a finite group F and
a homomorphism ϕ : G Ñ F such that ϕpgq R ϕpHq. Separability arises naturally in topology when,
given an immersed submanifold N of a manifold M , one tries to find a finite cover of M where
N embeds; see [Sco78]. Notably, separability, and more specifically separability of quasiconvex
subgroups of certain hyperbolic groups, played a crucial role in the resolution of the Virtual Haken
and Virtual Fibering Conjectures [Wis21, Ago13].

In the context of mapping class groups, the closest analogues of quasiconvex subgroups of hy-
perbolic groups are convex-cocompact subgroups, as defined in [FM02]; see Subsection 2.1 for the
characterisation that we will use. In analogy with the case of hyperbolic manifolds, Reid asked
whether convex-cocompact subgroups of mapping class groups are separable [Rei06, Question 3.5].
As far as we are aware, the only examples of convex-cocompact subgroups known to be separable
are virtually cyclic, as covered by [LM07]. However, it is shown in [BHMS20] that if "enough" hy-
perbolic groups are residually finite then all convex-cocompact subgroups are separable. (Note that
it is known that not all finitely generated subgroups of mapping class groups are separable [LM07].)

The main goal of this paper is to provide the first examples of separable convex-cocompact
subgroups that are not virtually cyclic, using the criterion in Theorem 1.1.

Write Σg to mean the closed connected orientable surface of genus g and MCGpΣgq its mapping
class group. Given H ď MCGpΣgq, denote by ΓH the corresponding extension of H. This can be
seen as the preimage of H under the natural map MCGpΣg ´ tpuq Ñ MCGpΣgq occurring in the
Birman exact sequence (see e.g. [FM02, Section 1.2] for detailed description of ΓH). When H is
convex-cocompact, ΓH is hyperbolic [Ham05] (if in addition H is free, as it will be in our examples,
hyperbolicity of ΓH is also [FM02, Theorem 1.3]).

The criterion is:
Theorem 1.1. Let g ě 1 and let H be a torsion-free malnormal convex-cocompact subgroup of
MCGpΣgq. If ΓH is conjugacy separable, then H is separable in MCGpΣgq.

To apply the criterion, we need examples of convex-cocompact subgroups H with ΓH conjugacy
separable. These come from work of Manning-Mj-Sageev [MMS19] – who gave examples where ΓH

is virtually compact special – combined with Minasyan–Zalesskii’s result on conjugacy separability
of hyperbolic virtually special groups [MZ16]. So, the examples provided by the following theorem
come from [MMS19]; we just observe that their construction gives rise to malnormal subgroups in
many cases.
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Theorem 1.2. For every g ě 3 and n ě 1, there exist infinitely many conjugacy classes of malnor-
mal convex-cocompact subgroups H ă MCGpΣgq such that H is isomorphic to a free group of rank
n whose corresponding extension ΓH is virtually compact special.

Recalling that convex-cocompactness of H implies hyperbolicity of ΓH , combining the above
theorem with [MZ16, Theorem 1.1] and Theorem 1.1 gives:

Corollary 1.3. For every g ě 3 and n ě 1 there exist infinitely many conjugacy classes of separable
convex-cocompact subgroups H of MCGpΣgq, with each H – Fn.

We note that Theorem 1.1 does not apply to arbitrary cyclic convex-cocompact subgroups, even
though, in this case, ΓH is the fundamental group of a hyperbolic 3-manifold, which is virtually
compact special [Duf12, Ago13]. Indeed, such cyclic subgroups may not be malnormal, and the
maximal elementary subgroups containing them may not be torsion-free (in case the maximal ele-
mentary subgroup containing the cyclic group is torsion-free, the criterion does apply, though). We
wonder:

Question 1.4. To what extent can malnormality and/or torsion-freeness be relaxed in Theorem 1.1?

Outline of proofs. In this paper, we did not pursue the most general versions of our intermediate
results, instead leaving questions that we believe to be of independent interest; we highlight the
main ones below.

To prove Theorem 1.1, we use a version of Grossman’s criterion for residual finiteness of an
outer automorphism group [Gro75] (Grossman’s criterion is one way to prove residual finiteness of
MCGpΣgq). This is Proposition 2.5 and has two hypotheses. The first one, in the case of convex-
cocompact subgroups, is conjugacy separability of the extension group. The second one translates
to a question about automorphisms of surface groups. Roughly, given a surface group G, a group
K of automorphisms of G, and automorphism ϕ not in K, one can ask whether there exists x P G
such that ϕpxq is not conjugate to kpxq for any k P K. In our case, we are interested in K “ ΓH for
some convex-cocompact subgroup H (where the mapping class group of the punctured surface can
be identified with an index 2 subgroup of the automorphism group of G).

We check this second condition for suitable H in two steps. First, Proposition 3.1 reduces the
problem above to an analogous problem where K is replaced by finitely many automorphisms. This
is done by showing that left cosets of H contain finitely many elements that are not pseudo-Anosov.
This is where we use the hypotheses that H is torsion-free and malnormal.

The second step is to construct a suitable x, given finitely many automorphisms. We do so
specifically for surface groups in Proposition 4.1, but, inspired by the fact that Grossman’s criterion
can be applied to acylindrically hyperbolic groups [AMS16], we ask:

Question 1.5. Let G be a torsion-free acylindrically hyperbolic group, and let ϕ1, . . . , ϕn be non-
inner automorphisms of G. Does there exist x P G with x and ϕipxq non-conjugate for all i?

In fact, we do not know the answer to this question even in the special case where G is hyperbolic.
One way of answering the question affirmatively would be to show that a "generic" x has the required
property, which would be interesting in its own right. That is:

Question 1.6. Let G be a torsion-free acylindrically hyperbolic group, let ϕ be a non-inner auto-
morphisms of G, and let pwnq be a simple random walk on G. Is it true that, with probability going
to 1 as n goes to infinity, wn is not conjugate to ϕpwnq?

This question is already of interest for G hyperbolic and the techniques of [MS19] seem relevant.

Acknowlegdments. We are grateful to Michah Sageev for answering a question about MMS sub-
groups and to Ashot Minasyan for several very helpful comments and corrections.
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2. Preliminaries

2.1. Curve graphs and convex-cocompactness. Given a finite-type surface Σ, we denote by
CpΣq its curve graph. For all finite-type surfaces Σ, the curve graph CpΣq is hyperbolic [MM99] and,
in fact, say, 100-hyperbolic [HPW15], see also [Aou13, Bow14, PS17]. Also, the action of MCGpΣq

on CpΣq is acylindrical [Bow08]. A finitely generated subgroup of MCGpΣq is convex-cocompact if
the orbit maps to CpΣq are quasi-isometric embeddings [KL08, Theorem 1.3].

2.2. Elementary subgroups. Throughout the paper, we use the following notation. If X is a
hyperbolic space and Y is a quasiconvex subspace, then the closest-point projection πY is the
bounded set defined by

πY pxq “ ty P Y : dpx, yq ď dpx, Y q ` 1u.

If a group A acts by isometries on X, then πY is StabApY q–equivariant. Next, we summarise
properties of elementary closures of loxodromic elements used later, as first considered by [BF02].

Proposition 2.1. Let the group G act acylindrically on the hyperbolic space X. There exists a
constant Q such that the following holds. Let g P G be a loxodromic element. Then:

(1) There exists a unique maximal elementary subgroup Epgq containing g, and a Q-quasiconvex
Epgq–invariant Q´quasiline Y “ Yg.

(2) For every D ě 0 there exists L ě 0 (depending on D and g), such that the following holds. If
h P G has the property that there exist x, y P Y with dpx, yq ě L and dpx, h¨xq, dpy, h¨yq ď D,
then h P Epgq.

Proof. Item (1) is given by [DGO17, Lemma 6.5]. Item (2) is [BF02, Proposition 6.(2)]. □

2.3. Intersection of conjugates vs coarse intersections of coset orbits. We also need a certain
correspondence between the behaviour of orbits in CpΣq of cosets of convex-cocompact subgroups and
intersections of conjugates. The next lemma, which is used in the proof of Proposition 3.1 below,
follows from arguments in the literature. Specifically, the convex-cocompact subgroup H in the
statement, acting on CpΣgq, satisfies the appropriately modified version of the WPD condition from
[AMST19, Definition 2.12], and thus the proof of [AMST19, Lemma 5.2], and hence of [AMST19,
Proposition 5.3], goes through in our setting (replacing subgroups/cosets with their orbits in CpΣgq

etc.). In particular, we get:

Lemma 2.2. Let g ě 2 and let H be a convex-compact subgroup of MCGpΣgq. Let o P CpΣgq.
Suppose that for some x P MCGpΣgq and some C ě 0, the diameter of xH ¨ oXNCpH ¨ oq Ď CpΣgq

is infinite. Then the subgroup H X xHx´1 is infinite.

We note that [AM21, Proposition 4.1] is related to the lemma, though neither implies the other.

2.4. Concatenating geodesics in hyperbolic spaces. Later, we will verify that certain elements
are pseudo-Anosov by constructing quasigeodesic axes using the following lemma, which we prove
by reducing it to [HW16, Lemma 4.2].

Lemma 2.3. For every δ ě 0 there exists a constant Cδ such that the following holds. Let pαiqiPZ
be geodesics in a δ-hyperbolic geodesic space, of length bounded independently of i, with the terminal
point of αi being the initial point of αi`1. Let

di,j “ diampN3δpαiq X αjq

and assume that for all even i,

ℓpαiq ě di,i`1 ` di,i`2 ` di,i´1 ` di,i´2 ` Cδ.
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Then the concatenation of the αi is a quasi-geodesic.

Figure 1. An illustration of the hypotheses in Lemma 2.3.

Proof. We can assume δ ą 0 for convenience. For i even, let α1
i be the subgeodesic of αi obtained

by removing the initial open segment of length di,i´1 ` di,i´2 and the final open segment of length
di,i`1 ` di,i`2.

For i odd, let α1
i be a geodesic joining the terminal point of α1

i´1 to the initial point of α1
i`1. So,

the geodesics α1
i concatenate to form a bi-infinite path.

Considering thin quadrangles, we now show that that [HW16, Lemma 4.2] applies, that is, we
show that for i even, the intersections

N3δpα1
iq X α1

i˘1

and
N3δpα1

iq X α1
i˘2

each have diameter at most 10δ.
We will do the argument for α1

i`1 and α1
i`2, the other arguments being analogous. Note that

α1
i`1 is contained in the 2δ-neighborhood of αi`1 Y αi`2, and clearly so is α1

i`2. Hence, it suffices
to bound the diameter of the intersection of N5δpα1

iq with both αi`1 and αi`2. Suppose for a
contradiction that there is a point p on α1

i further than 10δ from the starting point of α1
i but within

5δ of αi`1 Y αi`2 (if there is no such p, the required diameter is at most 10δ). Suppose that it lies
within 5δ of αi`2, the other case being easier. Any point on the initial segment βi of αi of length
dpai, pq ´ 8δ, where ai is the starting point of αi, lies 2δ-close to either αi`1 or αi`2. This cannot
happen because βi has length more than di,i`1 ` di,i`2, but it is covered by two sets of diameter
each bounded by one of the summands, providing the required contradiction.

Hence, for sufficiently large Cδ, [HW16, Lemma 4.2] applies, yielding that the concatenation of
the α1

i is a quasi-geodesic. Hence, so is the concatenation of the αi, since all geodesics involved have
uniformly bounded length. □

2.5. Grossman criterion. We now give the generalisation of Grossman’s residual finiteness crite-
rion mentioned in the introduction. Assume that the group G has trivial centre, and let i : G Ñ

InnpGq be the natural isomorphism defined by ipgqpxq “ gxg´1.

Remark 2.4. For any x P G and γ P AutpGq,

γipxqγ´1 “ ipγpxqq,

just by expanding the definition of i.
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We also need the usual exact sequence

1 Ñ InnpGq Ñ AutpGq
Ψ

ÝÑ OutpGq Ñ 1.

The separability version of Grossman’s criterion is:

Proposition 2.5. Let G be a finitely generated group with trivial centre and let H ă OutpGq. Let
ΓH “ Ψ´1pHq and let ϕ P AutpGq. Suppose that:

(1) there exists x P G such that ϕpxq ‰ hpxq for all h P ΓH .
(2) ΓH is conjugacy separable.

Then there exists a finite group F and a homomorphism q : OutpGq Ñ F with qpΨpϕqq R qpHq.

Remark 2.6. Taking H “ t1u in the above proposition yields [Gro75, Theorem 1] in the case where
G has trivial centre.

Proof of Proposition 2.5. Let ϕ̄ “ Ψpϕq P OutpGq. Item (1) provides x P G such that ϕpxq R ΓH ¨ x.
First observe that ipϕpxqq, which is contained in ΓH , cannot be conjugate in ΓH to ipxq. Indeed,

if it were, then for some γ P ΓH , we would have ipϕpxqq “ γipxqγ´1 “ ipγpxqq, with the second
equality following from Remark 2.4. Injectivity of i would then imply γpxq “ ϕpxq, a contradiction.

Hence, by item (2), there is a finite quotient π : ΓH Ñ F such that πpipϕpxqqq is not conjugate
in F to πpipxqq. It follows that πpipϕpxqqq R πpipΓH ¨ xqq. Indeed, by Remark 2.4, for all γ P ΓH , we
have that πpipγpxqqq is conjugate in F to πpipxqq, which is not conjugate to πpipϕpxqqq.

Consider the quotient π ˝ i : G Ñ Ḡ ď F . Let K be the characteristic core of Kerpπ ˝ iq, with
corresponding quotient map q2 : G Ñ G{K (here we have used finite generation of G). Since π ˝ i
factors through q2 we have q2pϕpxqq R qpΓH ¨ xq.

Since K is characteristic, q2 induces a homomorphism q1 : AutpGq Ñ AutpG{Kq defined by
q1pγqpgKq “ q2pγpgqq. This has the property that q1pϕq R q1pΓHq, because q1pϕqpxKq R q1pΓHqpxKq,
since the former is q2pϕpxqq and the latter is q2pΓH ¨ xq.

The homomorphism q1 descends to a homomorphism q : OutpGq Ñ OutpG{Kq fitting into the
following commutative diagram:

AutpGq OutpGq

AutpG{Kq OutpG{Kq

//Ψ

��
q1

��
q

//
ΨK

Since q1pϕq R q1pΓHq and InnpG{Kq “ q1pInnpGqq ă q1pΓHq, we have ΨKpq1pϕqq R ΨKpq1pΓHqq.
In view of the commutative diagram, the former is qpϕ̄q and the latter is qpHq, so that we found a
finite quotient of OutpGq that separates ϕ̄ from H, as required. □

3. Mapping class group lemmas

In Section 3.1, we reduce condition (1) from Proposition 2.5 to a statement about finitely many
automorphisms of a surface group; this is used in the proof of Theorem 1.1. In Section 3.2, we prove
a lemma needed for verifying malnormality of the examples from Theorem 1.2.
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3.1. Finitely many non-pseudo-Anosovs. The goal of this subsection is to prove:

Proposition 3.1. Let Σ be a finite-type surface and let H ă MCGpΣq be a torsion-free malnormal
convex-cocompact subgroup. Let g P MCGpΣq ´H have infinite order. Then the coset gH contains
finitely many elements that are not pseudo-Anosov.

The proof is postponed until after some preparatory lemmas. We will use the following lemma
to check that specific elements are pseudo-Anosov. The lemma gives two alternative conditions, the
first one is designed to show that the product of two elements one of which acts elliptically and has
"large rotation angle" is loxodromic. The second property, instead, captures a product were one
element is loxodromic with suffieicntly large translation length.

Lemma 3.2 (Loxodromic products). For every δ,Q ě 0 there exists a constant CQ,δ with the
following property. Let A be a group acting on a δ-hyperbolic space X. Let g0, g1 P A be elements
that respectively stabilise Q-quasi-convex sets Y0, Y1 Ă X. Let πi be closest-point projection to Yi.
Assume that one of the following holds:

(1) let yi P πipYi`1q Ď Yi and suppose that dpY0, Y1q ě CQ,δ and

diamXpN3δpry0, y1sq X giry0, y1sq ď
CQ,δ

3

for i “ 0, 1; or
(2) diampπ1pg0Y1qq ď CQ,δ{3 and dpg1y, yq ě CQ,δ ` 2dpy, g0yq for some y P Y1.

Then g0g1 is loxodromic.

Proof. In case (1) we can form a bi-infinite quasi-geodesic on which g0g1 acts by translation by
concatenating suitable translates of U “ ry1, y0s, V “ ry0, g0y0s, and W “ ry1, g1y1s, with every
other geodesic being a translate of ry0, y1s. Specifically, the xg0g1y–translates of the concatenation

U ¨ V ¨ pg0Ūq ¨ pg0W q,

which joins y1 to g0g1y1, concatenate to form a bi-infinite path, shown in Figure 2. Here the overline
denotes the reverse path. In the notation of Lemma 2.3, by our assumption we have di,i˘2 ď CQ,δ{3,
while the di,i˘1 are bounded independently of CQ,δ since the ry0, y1s are coarsely shortest geodesics
connecting quasiconvex sets. So Lemma 2.3 implies g0g1 is loxodromic provided CQ,δ is sufficiently
large in terms of Q and the constant Cδ from the lemma, which depends only on δ.

Case (2) is similar: we concatenate translates of U “ ry, g1ys and V “ ry, g0ys. Specifically, the
xg0g1y–translates of the concatenation V ¨ g0U concatenate to form a bi-infinite path. Again, our
assumptions allow us to apply Lemma 2.3. Indeed, successive translates of U have di˘2 bounded since
intersections of neighborhoods of the relevant translates of Y1 have diameter bounded in terms of the
diameter of π1pg0Y1q, so the assumption on dpy, g1yq, which controls di˘1, shows that Lemma 2.3
applies (with the translates of U as the even-indexed αi) provided CQ,δ is large enough in terms of
Q and δ. □

We will also need the following lemmas to check condition 1 in Lemma 3.2 when using it. Recall
that for curve graphs we take δ “ 100.

Lemma 3.3. Let Σ be a finite-type surface. Then there exists D ě 0 with the following property.
Let g P MCGpΣq be an infinite order reducible element, fixing the clique Y in CpΣq. Then for any
geodesic γ starting in Y we have that N300pγq X gγ has diameter at most D.

Proof. By hyperbolicity, for every L ě 0 there exists D ě 0 such that the following holds for g, γ
as in the statement: if p P γ is moved distance at most L by a power of g, then γ has an initial
subgeodesic of length dpp, Y q ´ D that gets moved distance at most 300 by the same power of g.
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Y1

Y0

g0Y1

U

V

g0Ū

g0W

y1

y0 g0y0

g0y1

g´1
1 y1

g0g1y1

Figure 2. Proof of Lemma 3.2.(1). The paths concatenated to form the g0g1–axis
are coloured according to their xg0g1y–orbits.

Therefore, if the lemma did not hold for a sufficiently large D, we would get a contradiction with
acylindricity of the MCGpΣq–action on CpΣq. □

Lemma 3.4. Let the group A act acylindrically on the hyperbolic space X. Then there exists a
constant D such that the following holds. Let g P A be loxodromic and let Y be its quasi-axis as in
Proposition 2.1.(1). Then for any x P X and geodesic γ “ rx, πY pxqs we have that N3δpγq X gγ has
diameter at most D.

Proof. This is similar to Lemma 3.3, except we "shorten" γ on both sides. □

We are ready for:

Proof of Proposition 3.1. Let Σ, H, g be as in the statement and fix an H–orbit H ¨ o in CpSq. Let
Q be the constant from Proposition 2.1. For each nontrivial h P H, let Yh be the Q–quasiconvex
quasi-axis for h, from Proposition 2.1.(1) (any nontrivial h P H is pseudo-Anosov). Let Yg Ă CpΣq

be the following Q–quasiconvex subspace:
‚ if g is reducible, then Yg is a clique stabilised by g;
‚ if g is pseudo-Anosov, then Yg is the quasi-axis from Proposition 2.1.(1).

Let D be the maximum of the constants from Lemmas 3.3 and 3.4. Let C0 be such that Yh Ă

NC0
pH ¨ oq for all h P H (which exists since Yh and H ¨ o are uniformly quasiconvex and Yh lies in

some neighborhood of H ¨ o). By enlarging Q once, we can assume dpy1, gy1q ď Q for all y1 P Yg.
We will need the following claim:

Claim 3.5. For any L ě 0, the set Yg X NLpH ¨ oq is bounded. Moreover, there exists C1 ě 0 such
that πYh

pgYhq has diameter at most C1 for all h P H.

Proof. If Yg X NLpH ¨ oq had unbounded diameter then gH ¨ o would have unbounded intersection
with the 2L ` Q–neighborhood of H ¨ o, since Q ě dpy1, gy1q for all y1 P Yg. Lemma 2.2 then gives
that gHg´1 XH is infinite, contradicting malnormality of H.

Similarly, malnormality of H and Lemma 2.2 imply that for all L ě 0 there exists BpLq such that
Yh X NLpgYhq has diameter at most BpLq (since Yh Ă NC0

pH ¨ oq and gYh Ă NC0
pgH ¨ oq and the
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lemma bounds the diameter of coarse intersections of the two coset orbits). From Q–quasiconvexity
of Yh and gYh, a thin quadrilateral shows that diampπYh

pgYhqq ď Bp103 ` 10Qq ` 103 ` 10Q. □

Finally, let CQ,100 be the constant from Lemma 3.2. We can assume that CQ,100 ě 10D`103`3C1.
Fix h P H. First suppose that dpYg, Yhq ą CQ,100. Then Lemma 3.2.(1) applies in view of Lemma

3.4 (if g is pseudo-Anosov), or Lemma 3.3 (if g is infinite-order reducible). Hence Lemma 3.2.(1)
shows that gh is pseudo-Anosov.

Next, suppose that the translation length of h satisfies τh ą 2Q` 10CQ,100 and that dpYg, Yhq ď

CQ,100. Recall that diampπYh
pgYhqq ď C1 ď CQ,100{3. Choose y P Yh within distance CQ,100 of

some y1 P Yg. Hence

2dpy, gyq ` CQ,100 ď 2dpy1, gy1q ` 5CQ,100 ă τh ď dpy, hyq.

So we can apply Lemma 3.2.(2) (with g1 “ h and g0 “ g) and see that gh is pseudo-Anosov.
To conclude, it suffices to prove the following:

Claim 3.6. There exist finitely many h such that dpYg, Yhq ď CQ,100 and τh ď 2Q` 10CQ,100.

Proof. Since H is quasi-isometrically embedded in CpΣq and Yg can only come close to H ¨ o at a
point by Claim 3.5, it suffices to show that in (a fixed Cayley graph of) a hyperbolic group G, for
any B ě 0 there are only finitely many h P G with translation distance bounded by B and such
that Yh contains a point within B of the identity. This is true since any such h moves the identity
a uniformly bounded amount. □

We have shown that for all h P H, either gh is pseudo-Anosov or h is one of the finitely many
elements of H from Claim 3.6, which proves the proposition. □

3.2. Pseudo-Anosovs without hidden symmetries.

Lemma 3.7. Let Σ be a finite-type hyperbolic surface with genus g and p punctures, with pg, pq R

tp1, 1q, p1, 2q, p2, 0qu. Then there exists a pseudo-Anosov ϕ P MCGpΣq and n0 ě 0 such that the
following holds. For any curve c on Σ and n ě n0 we have Stabpcq X Stabpϕnpcqq “ t1u.

Proof. Proposition 2.1.(2) yields, for a pseudo-Anosov g, a unique maximal elementary subgroup
Epgq containing g and an invariant quasi-geodesic γg in the curve graph CpΣq, with the following
property. For every D ě 0 there exists L ě 0 such that if h P G has the property that there exist
x, y P γg with dCpΣqpx, yq ě L and dCpΣqpx, hpxqq, dCpΣqpy, hpyqq ď C, then h P Epgq.

Let ϕ be a pseudo-Anosov for which Epϕq “ xϕy. Such a ϕ exists by [DGO17, Theorem 6.14],
since the maximal finite normal subgroup of a mapping class group coincides with its centre (see the
proof of [MT21, Proposition 11.15]) and the centre is trivial under our assumptions on pg, pq (see
[FM12, Section 3.4]).

Given any curve c and any sufficiently large n, if h P Stabpcq X Stabpϕnpcqq, then h coarsely
stabilises the closest-point projections of c and ϕnpcq to γϕ, so that h P Epϕq “ xϕy by the above.
No non-trivial power of ϕ fixes a curve, so h “ 1. □

4. Common witnesses for non-inner automorphisms

Proposition 4.1. Let G be the fundamental group of a closed connected orientable surface of finite
genus, and let ϕ1, . . . , ϕn be non-inner automorphisms of G. Then there exists x P G such that for
all i, the elements ϕipxq and x are not conjugate.

We need the following version of [MO10, Lemma 4.4] (which we use in the proof).
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Lemma 4.2. Let G be a torsion-free hyperbolic group. Let l ě 2 and let tg1, . . . , glu, th1, . . . , hlu
be sets of non-commensurable, primitive, infinite order elements. Assume that if gm1

1 . . . gml

l is the
identity of G for some mi then all mi are 0.

There exists N P N such that the following holds. Suppose that

g “ gn1
1 gn2

2 . . . gnl

l

is conjugate to
h “ hn1

1 ¨ ¨ ¨hnl

l

in G, and for all 1 ď i ď l we have ni ě N . Then there exists x P G and k P N with hi “ xgi`kx
´1

for all i (indices mod l).

Proof. We conflate G with a fixed Cayley graph.
There exists a constant C0 such that for all sufficiently largeN we have that g stabilises a pC0, C0q–

quasigeodesic αg obtained by concatenating translates of the discrete paths t1, gi, g
2
i , . . . , g

ni
i u that

we call pieces, and similarly for h. This is because the xgiy are quasi-geodesic lines, and moreover
any two translates of two distinct such quasi-geodesic lines cannot stay within bounded distance of
each other for arbitrarily long time in view of Proposition 2.1.(2) (gi being not commensurable to
gj is equivalent to gi R Epgjq).

Let D ě 0 be such that any two pC0, C0q–quasigeodesics in G with the same endpoints at infinity
lie within distance D of each other.

If g and h are conjugate, we have that two translates of αg and αh have the same endpoints at
infinity. Hence, for all M the following holds for all large N : each piece for h has a subpath of length
at least M that has a translate that lies within D of a piece for αg. See Figure 3.

DD

M
Figure 3. Edges in the bottom axis αh are labelled by the hi, with a translate of
the piece t1, hi, . . . , h

5
i u shown in the middle. This has a long subpath D–close to

a subpath of the piece t1, gσpiq, . . . , g
5
σpiqu of the translate of αg shown at the top.

(Large dots represent concatenation points of successive pieces.)

For M large enough, this implies that each hi P xiEpgσpiqqx´1
i for some σpiq P t1, . . . , lu by Propo-

sition 2.1.(2). Note that i ÞÑ σpiq is injective since th1, . . . , hlu are pairwise non-commensurable.
To sum up, either there is no bijection σ and elements xi such that hi lies in xiEpgσpiqqx´1

i , in
which case g and h cannot be conjugate for any large N and the conclusion holds vacuously, or there
exist σ and xi, in which case we can fix them and they only depend on the choice of gi and hi.

We now fix σ and xi as above. We further let F be the (finite) collection of all elements of the
form x´1

i xi`1 (indices mod l). Therefore, h (whence g) is conjugate to ph1
1qn1f1 ¨ ¨ ¨ ph1

lq
nlfl, for some

h1
i P Epgσpiqq, where fi “ x´1

i xi`1 (indices mod l). We have now reduced to the setup of [MO10,
Lemma 4.4], from which we can conclude that σ is a cyclic shift, say σpiq “ i ` k for some fixed k,
and fi P EpgσpiqqEpgσpi`1qq.

Now, we have Epgjq “ xgjy for all j by the primitivity hypothesis and the assumption that G
is torsion-free, so fi “ gliσpiqg

mi

σpi`1q
for some li,mi. Up to multiplying each xi on the right by gliσpiq

(which does not affect the equation hi “ xih
1
ix

´1
i ), we then get xi`1 “ xig

mi

σpi`1q
. This holds with
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indices mod l, so that x1 “ x1g
m2

σp2q
. . . gml

σplqg
m1

σp1q
. By our hypothesis on the gi (applied to a cyclic

conjugate) we get that all mi are 0, and therefore we get that all xi are equal, giving us the required
x. □

With the lemma in hand, we proceed to:

Proof of Proposition 4.1. Fix some ϕ “ ϕi, and let g1, . . . , gl be the standard generators of the
surface group g. Observe that the condition from Lemma 4.2 about products of the form gm1

1 . . . gml

l

holds in this setup. Indeed, the gi are generators in a C 1p1{6q small cancellation presentation
where the (only) relator R, as a cyclic word, has the following property. Any subword of a cyclic
permutation of R which has length more than half the length of R is not a subword of a cyclic
permutation of a product gm1

1 . . . gml

l . We can conclude in view of Greendlinger’s lemma.
Let hj “ ϕpgjq. Consider the elements g “ gT1 g

T`1
2 . . . hT`l´1

l and h “ hT1 h
T`1
2 . . . hT`l´1

l , for T
larger than the N from Lemma 4.2. We claim that g and h cannot be conjugate, which implies that
we can take x “ g for some sufficiently large T which works simultaneously for all ϕi.

If g and h were conjugate, then we would have hi “ xgi`kx
´1 for some fixed x P G and natural

number k ă l. We claim that k “ 0. This holds since there is a homomorphism ψ to Z such that
ψpg1q “ 1 and ψpgjq “ 0 for all j ‰ 1, so that ψpgq “ T and ψphq “ T`k, so k “ 0. Hence ϕpgiq acts
as conjugation by x on all generators, implying that it is inner, contradicting the hypotheses. □

Now we can prove the separablity criterion.

Proof of Theorem 1.1. Throughout the proof we think of the mapping class group as an index 2
subgroup of Outpπ1pΣgqq. Let Ψ : Autpπ1pΣgqq Ñ Outpπ1pΣgqq be as in Section 2.5.

Since MCGpΣgq is residually finite [Gro75] and has finitely many conjugacy classes of finite-order
elements [Bri00], there is a finite-index torsion-free subgroup M0 ď MCGpΣgq.

Claim 4.3. Suppose that ϕ P Autpπ1pΣgqq satisfies ϕ̄ “ Ψpϕq P M0 ´ pH X M0q. Then there is a
finite group F and a quotient q : Outpπ1pΣgqq Ñ F such that qpϕ̄q R qpHq.

Proof of Claim 4.3. We will use Proposition 2.5. First, by hypothesis, ΓH “ Ψ´1pHq is conjugacy
separable, so condition (2) of Proposition 2.5 is satisfied. So, we are left to verify condition (1) of
Proposition 2.5 for the given ϕ.

Since ϕ̄ P M0 ´ pH X M0q, the element ϕ̄ has infinite order in MCGpΣgq, so Proposition 3.1
applies. The only properties of ϕ used in the following argument are that ϕ̄ P MCGpΣq, and ϕ̄ has
infinite order, and ϕ̄ R H.

We have to find x P π1pΣgq such that ϕpxq ‰ hpxq for h P ΓH . This is equivalent to ϕ´1hpxq ‰ x.
If Ψpϕ´1hq (which is necessarily in MCGpΣgq since Ψphq P H and ϕ̄ P MCGpΣgq) is pseudo-

Anosov, then any nontrivial x satisfies the required condition for the h in question. Hence, we
are only concerned with the non-pseudo-Anosov elements of ϕ̄´1H, of which there are only finitely
many by Proposition 3.1. Taking arbitrary preimages of these elements, we obtain finitely many
hi P ϕ´1ΓH such that if x P G has the property that hipxq is not conjugate to x for all i, then x
satisfies the required property, that is, ϕpxq ‰ hpxq for all h P ΓH .

The existence of such x is guaranteed by Proposition 4.1. Hence Proposition 2.5 supplies a finite
quotient q : Outpπ1pΣgqq Ñ F such that qpϕ̄q R qpHq. □

From Claim 4.3, we get that H XM0 is separable in M0, since for each ϕ P M0 ´H XM0, we can
restrict the quotient q from the claim to M0 ď Outpπ1pΣgqq to get a finite quotient q :M0 Ñ M̄0 ď F
where qpϕq R qpH X M0q. In summary, we have a finite-index subgroup M0 ď MCGpΣgq and a
subgroup H ď MCGpΣgq such that H X M0 is separable in M0. Applying Proposition 2.2.(ii) of
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[Nib92] (taking K “ K0 “ t1u in the statement of that proposition) shows that H is separable in
MCGpΣgq, as required. □

5. MMS subgroups

We finally construct examples to which Theorem 1.1 applies. We will use the following form of
the Bounded Geodesic Image Theorem. We denote the subsurface projection to the subsurface Y
by πY and abbreviate dCpY qpπY p¨q, πY p¨qq “ dCpY qp¨, ¨q.

Theorem 5.1. [MM00, Theorem 3.1] For each g ě 2 there exists B ě 0 such that the following
holds. If the vertices x, y P CpΣq satisfy dCpΣg´vqpx, yq ě B for some non-separating curve v, then
any geodesic from x to y contains v.

We now prove Theorem 1.2:

Theorem 5.2. For every g ě 3 and n ě 1 there exist infinitely many conjugacy classes of mal-
normal convex cocompact subgroups H of MCGpΣgq isomorphic to a free group of rank n whose
corresponding extension ΓH is virtually compact special.

Proof. In [MMS19] the authors construct subgroups (that we call MMS subgroups) satisfying all
requirements except possibly malnormality. MMS subgroups are described in [MMS19, Proposition
5.7, Theorem 5.8]. Our goal is to construct (many) malnormal MMS subgroups.

Each MMS subgroup H stabilises a tight tree of homologous non-separating curves (a tight tree
for short), which is a tree T with the following description (see [MMS19, Section 3.1]):

‚ For each vertex v of T we have a vertex cv P CpΣgq, and for each edge e of T , we have a
tight geodesic γe in CpΣgq connecting the vertices corresponding to the endpoints of e.

‚ All multicurves occurring along γe (including the endpoints) are formed from non-separating
curves. Moreover, all curves appearing along all tight geodesics are homologous to each other.

There are some additional properties of T guaranteeing that the natural subdivision of T iso-
metrically embeds into CpΣgq ([MMS19, Proposition 3.2]). Moreover, the tight tree T stabilised by
an MMS subgroup H has the property that whenever u, v, w are consecutive vertices along a tight
geodesic as above, then there is a pseudo-Anosov on Σg ´ tvu which maps u to w. In fact, the tree
is constructed starting from a choice of such partial pseudo-Anosovs and any choice of sufficiently
large powers of the partial pseudo-Anosovs ([MMS19, Section 5.1]).

As a result, there are MMS subgroups H that stabilise a tight tree T with the following additional
properties. For an edge e of the tree, we call the projection numbers the quantities dCpΣg´vqpu,wq

for u, v, w appearing as above in γe. Then
‚ for any edge e of T , all projection numbers are different and larger than 10B, for B as in

Theorem 5.1,
‚ for any two edges e, f of T belonging to different H-orbits, all projection numbers for e are

different from all projection numbers for f ,
‚ the tight geodesics all have length at least 103,
‚ StabMCGpΣg´vqpuq X StabMCGpΣg´vqpwq is trivial for all u, v, w as above.

The last item can be arranged using the pseudo-Anosovs constructed in Lemma 3.7. This item
also implies that for each tight geodesic γe, the stabiliser of γe is trivial. Indeed, any element g of
the stabiliser stabilises a vertex v, so that the last item implies that that g is a power of the Dehn
twist about v. This holds for all vertices (except the endpoints), so these powers are all trivial.

Suppose now that gHg´1 X H is infinite. Then T and gT contain bi-infinite geodesics within
bounded distance of each other. By Theorem 5.1, there is an edge e of T and h P H such that
ghγe “ γe. Hence gh is the identity and therefore g P H.



12 MARK HAGEN AND ALESSANDRO SISTO

To arrange infinitely many conjugacy classes the argument is similar, arranging the projection
numbers to be different for tight trees associated to different subgroups. □

References

[Ago13] Ian Agol. The virtual Haken conjecture. Doc. Math., 18:1045–1087, 2013. With an appendix by Agol,
Daniel Groves, and Jason Manning.

[AM21] Carolyn R Abbott and Jason F Manning. Acylindrically hyperbolic groups and their quasi-isometrically
embedded subgroups. arXiv preprint arXiv:2105.02333, 2021.

[AMS16] Yago Antolín, Ashot Minasyan, and Alessandro Sisto. Commensurating endomorphisms of acylindrically
hyperbolic groups and applications. Groups Geom. Dyn., 10(4):1149–1210, 2016.

[AMST19] Yago Antolín, Mahan Mj, Alessandro Sisto, and Samuel J. Taylor. Intersection properties of stable sub-
groups and bounded cohomology. Indiana Univ. Math. J., 68(1):179–199, 2019.

[Aou13] Tarik Aougab. Uniform hyperbolicity of the graphs of curves. Geometry & Topology, 17(5):2855–2875,
2013.

[BF02] Mladen Bestvina and Koji Fujiwara. Bounded cohomology of subgroups of mapping class groups. Geom.
Topol., 6:69–89, 2002.

[BHMS20] Jason Behrstock, Mark Hagen, Alexandre Martin, and Alessandro Sisto. A combinatorial take on hierarchi-
cal hyperbolicity and applications to quotients of mapping class groups. arXiv preprint arXiv:2005.00567,
2020.

[Bow08] Brian H. Bowditch. Tight geodesics in the curve complex. Invent. Math., 171(2):281–300, 2008.
[Bow14] Brian Bowditch. Uniform hyperbolicity of the curve graphs. Pacific Journal of Mathematics, 269(2):269–

280, 2014.
[Bri00] Martin R Bridson. Finiteness properties for subgroups of GLpn,Zq. Mathematische Annalen, 317(4):629–

633, 2000.
[DGO17] F. Dahmani, V. Guirardel, and D. Osin. Hyperbolically embedded subgroups and rotating families in

groups acting on hyperbolic spaces. Mem. Amer. Math. Soc., 245(1156):v+152, 2017.
[Duf12] Guillaume Dufour. Cubulations de variétés hyperboliques compactes. PhD thesis, Université Paris Sud-

Paris XI, 2012.
[FM02] Benson Farb and Lee Mosher. Convex cocompact subgroups of mapping class groups. Geom. Topol., 6:91–

152, 2002.
[FM12] Benson Farb and Dan Margalit. A primer on mapping class groups, volume 49 of Princeton Mathematical

Series. Princeton University Press, Princeton, NJ, 2012.
[Gro75] Edna K. Grossman. On the residual finiteness of certain mapping class groups. J. London Math. Soc. (2),

9:160–164, 1974/75.
[Ham05] Ursula Hamenstädt. Word hyperbolic extensions of surface groups. arXiv preprint math/0505244, 2005.
[HPW15] Sebastian Hensel, Piotr Przytycki, and Richard C. H. Webb. 1-slim triangles and uniform hyperbolicity

for arc graphs and curve graphs. J. Eur. Math. Soc. (JEMS), 17(4):755–762, 2015.
[HW16] Mark F. Hagen and Daniel T. Wise. Cubulating hyperbolic free-by-cyclic groups: the irreducible case.

Duke Math. J., 165(9):1753–1813, 2016.
[KL08] Autumn E Kent and Christopher J Leininger. Shadows of mapping class groups: capturing convex cocom-

pactness. Geometric and Functional Analysis, 18(4):1270–1325, 2008.
[LM07] Christopher J. Leininger and D. B. McReynolds. Separable subgroups of mapping class groups. Topology

Appl., 154(1):1–10, 2007.
[MM99] Howard A. Masur and Yair N. Minsky. Geometry of the complex of curves. I. Hyperbolicity. Invent. Math.,

138(1):103–149, 1999.
[MM00] H. A. Masur and Y. N. Minsky. Geometry of the complex of curves. II. Hierarchical structure. Geom.

Funct. Anal., 10(4):902–974, 2000.
[MMS19] Jason F Manning, Mahan Mj, and Michah Sageev. Cubulating surface-by-free groups. arXiv preprint

arXiv:1908.03545, 2019.
[MO10] A. Minasyan and D. Osin. Normal automorphisms of relatively hyperbolic groups. Trans. Amer. Math.

Soc., 362(11):6079–6103, 2010.
[MS19] Joseph Maher and Alessandro Sisto. Random subgroups of acylindrically hyperbolic groups and hyperbolic

embeddings. Int. Math. Res. Not. IMRN, (13):3941–3980, 2019.
[MT21] Joseph Maher and Giulio Tiozzo. Random walks, WPD actions, and the Cremona group. Proc. Lond.

Math. Soc. (3), 123(2):153–202, 2021.



SEPARABLE CONVEX-COCOMPACT SUBGROUPS 13

[MZ16] Ashot Minasyan and Pavel Zalesskii. Virtually compact special hyperbolic groups are conjugacy separable.
Comment. Math. Helv., 91(4):609–627, 2016.

[Nib92] Graham A Niblo. Separability properties of free groups and surface groups. Journal of pure and applied
algebra, 78(1):77–84, 1992.

[PS17] Piotr Przytycki and Alessandro Sisto. A note on acylindrical hyperbolicity of mapping class groups. In
Hyperbolic geometry and geometric group theory, volume 73 of Adv. Stud. Pure Math., pages 255–264.
Math. Soc. Japan, Tokyo, 2017.

[Rei06] Alan W. Reid. Surface subgroups of mapping class groups. In Problems on mapping class groups and
related topics, volume 74 of Proc. Sympos. Pure Math., pages 257–268. Amer. Math. Soc., Providence, RI,
2006.

[Sco78] Peter Scott. Subgroups of surface groups are almost geometric. Journal of the London Mathematical
Society, 2(3):555–565, 1978.

[Wis21] Daniel T. Wise. The structure of groups with a quasiconvex hierarchy, volume 209 of Annals of Mathe-
matics Studies. Princeton University Press, Princeton, NJ, [2021].

School of Mathematics, University of Bristol, Bristol, UK
Email address: markfhagen@posteo.net

Maxwell Institute and Department of Mathematics, Heriot-Watt University, Edinburgh, UK
Email address: a.sisto@hw.ac.uk


	1. Introduction
	Outline of proofs
	Acknowlegdments

	2. Preliminaries
	2.1. Curve graphs and convex-cocompactness
	2.2. Elementary subgroups
	2.3. Intersection of conjugates vs coarse intersections of coset orbits
	2.4. Concatenating geodesics in hyperbolic spaces
	2.5. Grossman criterion

	3. Mapping class group lemmas
	3.1. Finitely many non-pseudo-Anosovs
	3.2. Pseudo-Anosovs without hidden symmetries

	4. Common witnesses for non-inner automorphisms
	5. MMS subgroups
	References

